ABSTRACT. We prove that there exist only finitely many families of Calabi-Yau quasismooth weighted complete intersections with every fixed dimension m. This generalizes a result of Johnson and Kollár to higher codimensions.
Introduction
Examples of complete intersections in weighted projective spaces are interesting and useful when studying higher dimensional birational geometry (cf. [2, 3, 6, 7, 8, 11, 15] ). In [16, 17, 12] , Reid and Fletcher give several famous lists of families of three dimensional well-formed quasismooth weighted complete intersections with terminal singularities. In [9] , by basket analysis and Reid's table method, it is proved that these lists are complete.
In this article, we are interested in the finiteness of families of wellformed quasismooth weighted complete intersections in general. In the case of Calabi-Yau quasismooth hypersurfaces, Johnson and Kollár prove the finiteness of such families for every fixed dimension in [14] . The aim of this note is to generalize it to higher codimension cases. Combining this with boundedness for codimension (Theorem 2.5), we derive Theorem 1.1. In [13, 14] , Johnson and Kollár give complete classifications of anticanonical embedded Fano quasismooth hypersurfaces in weighted projective spaces in dimension two and three. There are infinitely many such families for these cases (see Example 3.7). Because of this, it is natural to ask the Borisov-Alexeev-Borisov conjecture in quasismooth weighted complete intersections case. Conjecture 1.2. For fixed positive number m, ǫ, and a negative integer α, there exist only finitely many of families of quasismooth weighted complete intersections having only ǫ−klt singularities and dimension m, amplitude α.
Let X d 1 ,...,dc ⊂ P(a 0 , ..., a n ) be a weighted complete intersection with amplitude α := c j=1 d j − n i=0 a i ≥ −1. We say that it is normalized if a 0 , ..., a n , d 1 , ..., d c are positive integers with a 0 ≤ a 1 ≤ · · · ≤ a n and d 1 ≤ · · · ≤ d c .
From studying quasismooth behaviors at two points P n and P dim X+1 in P(a 0 , ..., a n ), we establish an effective upper bound (dim X + 1)δ for a n (see Proposition 3.1), where δ is the integer a 0 + · · · + a dim X + α. This enables us to apply the sandwich argument as Johnson and Kollár did in hypersurface case and thus prove Theorem 1.1.
Note that we have a n < d c by the quasismoothness at P n (see [12, Lemma 18.14] or Proposition 2.4). Another application of Proposition 3.1 is that it provides an upper bound for d c in terms of dimension m, amplitude α and a lower bound for volume K m X (resp. anti-volume −K m X ) if α > 0 (resp. if α < 0). Theorem 1.3. For given integers m ≥ 2, α, c, and positive rational numbers b, ǫ. Let X = X d 1 ,...,dc ⊂ P(a 0 , ..., a n ) be a family of m-dimensional normalized quasismooth weighted complete intersections with amplitude α > 0 and volume K 
In particular, this provides the finite possible families of three dimensional weighted complete intersections with terminal singularities since we have the lower bound for volume (resp. anti-volume if X is Fano)(see Remark 3.4).
As an application of Theorem 1.3, proving Conjecture 1.2 is equivalent to giving a universal bound of one of the following (1) there exists an integer r = r(m, α, ǫ) only depending on m, ǫ such that r · K X is Cartier; (2) there exists a positive number b = b(m, α, ǫ) only depending on m, ǫ such that −K m X ≥ b; (3) there exists an integer β = β(m, α, ǫ) only depending on m, ǫ such that a m ≤ β, for all quasismooth X = X d 1 ,...,dc ⊂ P(a 0 , ..., a n ) with only ǫ−klt singularities and dimension m, amplitude α. Conjecture 1.2 remains open even in dimension three.
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Preliminaries and notations
We fix the notations here. Definition 2.1. Given positive integers a 0 , ..., a n , P(a 0 , ..., a n ) is the weighted projective space Proj(S) where S = C[x 0 , ..., x n ] is the graded ring with deg x i = a i for all i.
As in [12] , we may assume P(a 0 , ..., a n ) is well-formed, i.e, great common divisor of a 0 , ...,â i , ..., a n is 1 for all i = 0, ..., n. Also, P(a 0 , ..., a n ) is the quotient C n+1 − {(0, ..., 0)}/C * under the equivalent relations (x 0 , ..., x n ) ∼ (λ a 0 x 0 , ..., λ an x n ) for all λ ∈ C * . Denote π : C n+1 − {(0, ..., 0)} → P(a 0 , ..., a n ) to be the quotient map. ..,dc is defined to be a subvariety (f 1 = · · · = f c = 0) in P(a 0 , ..., a n ). X is quasismooth if the affine cone π −1 (X) ∪ {0} is smooth away from zero.
Suppose X is an intersection of a linear cone with a subvariety in P, i.e, d j = a i for some i, j, so f j = x i + others. Then X ⊂ P is isomorphic to X d 1 ,...,d j ,...,dc ⊂ P(a 0 , ...,â i , ..., a n ). In this note, we always assume X is not an intersection of a linear cone with another subvariety. Also, we use the conventions:
n := dim P, m := dim X, c := codim(X, P), thus m + c = n.
By renumbering the indices, we assume it is normalized, i.e,
For a normalized weighted complete intersection, for each j = 1, ..., c, put
where α is called the amplitude of X. For every non-empty subset E of {0, 1, ..., n}, we define the |E| − 1 dimensional stratum P E := {(x 0 , ..., x n ) ∈ P(a 0 , ..., a n )|x i = 0 for all i / ∈ E}. We say that X ⊂ P is well-formed if P is well-formed and X contains no codimension c + 1 singular strata of P. From [12, Theorem 6.16] , X is well-formed if X ⊂ P is quasismooth with dimension greater than 2. If X is wellformed and quasismooth, the dualizing sheaf ω X = O X (K X ) ≃ O X (α) (see [10, Theorem 3.3.4] ).
The following necessary condition for quasismoothness is helpful for our discussions.
..,dc ⊂ P(a 0 , ..., a n ) be a quasismooth weighted complete intersection. For every subset E ⊂ {0, 1, ..., n}, we define ρ E := min{c, |E|}. Then one of following holds:
(1) there exist distinct integers p 1 , ..., p ρ E which are elements of 1, ..., c such that for all j, f p j = Π i∈E x k j,i i + others ; (2) there exists a permutation p 1 , ..., p c of 1, ..., c, and there exist distinct integers e l+1 , ..., e c ∈ {0, ..., n} − E for some integer l ≥ 0 satisfying
Proof. We briefly explain the proof. For every non-empty subset E of {0, 1, ..., n}, we consider the intersection P E ∩ X. If the set is empty, by counting dimension, condition (1) holds. Suppose the set is nonempty. Since quasismoothness shows that the Jacobian matrix on general points in the affine cone of P E ∩ X is of full rank, condition (2) holds. For details, see [12, 9] .
By counting degrees and studying numerical conditions to some strata, we obtain the following.
Proposition 2.4 ([12]
). Let X d 1 ,··· ,dc ⊂ P(a 0 , · · · , a n ) be a quasismooth complete intersection and is not an intersection of a linear cone with another subvariety (i.e. d j = a i for all i, j). Then we have
(1) If a t > d 1 for some t ≥ 0, then a t |d j for some j. In particular, δ c ≥ a n in this situation. (2) For t = 1, 2..., c, we get δ t > 0.
Theorem 2.5 ([9]
). If X = X d 1 ,...,dc ⊂ P(a 0 , ..., a n ) is a family of quasismooth weighted complete intersections with amplitude α, dimension m and codimension c, which is not an intersection of a linear cone with another subvariety. Here amplitude α is defined to be the integer c j=1 d j − n i=0 a i . Then the codimension c has the upper bound m + α + 1 (resp. m) if amplitude α ≥ 0 (resp. α < 0). Definition 2.6. Given a positive number ǫ ≤ 1. A normal projective variety X has only ǫ − klt singularities if it satisfies the following conditions:
(1) The Weil divisor rK X is Cartier for some positive integer r.
3.
A bound for a n and its application
In this section, for each normalized quasismooth weighted complete intersection X = X d 1 ,...,dc ⊂ P(a 0 , ..., a n ) with amplitude α ≥ −1, we give an upper bound (m + 1)δ for a n , where m := dim X. We shall see that this provides the upper bound for d c in terms of a lower bound of volume (resp. anti-canonical volume in Fano case).
By studying quasismooth behavior of the strata P n and P m+1 , there is an upper bound of a n in terms of δ.
..,dc ⊂ P(a 0 , ...., a n ) be a family of quasismooth weighted complete intersections with amplitude α and dimension m. If α ≥ −1, then the inequality (m+1)·δ > a n holds. Given a positive rational number ǫ. If X is Fano with only ǫ−klt singularities and a n > m+ǫ m
Proof. Suppose that X d is a hypersurface in weighted projective space with α ≥ −1. From the equality d = n i=0 a i + α, there is no i < n with d = a n + a i . We are always in the case d ≥ 2a n by Proposition 2.3.
Suppose on the contrary that X d is Fano hypersurface with d < 2a n and a n > −α ǫ . Then P n := (0, ..., 0, 1) belongs to X and condition (2) of Proposition 2.3 implies d = a n + a i for some i = n. By Inverse Function Theorem, P n ∈ X is a cyclic quotient point of type 1 a n (a 0 , ...,â i , ..., a m ).
By taking the weighted blow up φ : Y → X at the center P n ∈ X with weight (
where E is the exceptional divisor and q = k =i,n
So we may assume that c ≥ 2 and d c < 2a n . We divide it into two parts by comparing a m+1 to the number m m+ǫ · a n . Here we put the positive number ǫ = 1 if amplitude α ≥ −1. From Proposition 2.4 above, we get d 1 > a n .
Suppose that a m+1 ≤ m m+ǫ · a n . In this case, we obtain
Suppose that a m+1 > m m+ǫ · a n and the condition a n ≥ m+ǫ ǫ δ holds. If m ≥ 2, we obtain 2a m+1 > m − ǫ m + ǫ a n + a n ≥ δ + a n > δ c + a n = d c .
This implies that the point P m+1 := (0, ..., 0, 1, 0, .., 0) belongs to X. Quasismoothness at P m+1 ∈ X implies condition (2) of Proposition 2.3, so P m+1 ∈ X is a cyclic quotient point of type
where 
This is impossible for α > 0 case. It cannot occur when c < m + 1 in Calabi-Yau case (resp. c < m in Fano case with amplitude α = −1). If c = m + 1 in Calabi-Yau case (resp. c = m in Fano α = −1 case), then a m+1 = · · · = a n , so X contains the c (resp. c + 1)-codimensional singular stratum P {m+1,...,n} of weighted projective space P(a 0 , ..., a n ). This is not well-formed.
For Fano case and a n > m+ǫ m
, by taking the weighted blow up φ : Y → X at the center P m+1 ∈ X with weight
where E is the exceptional divisor and
So X contains a non-ǫ−klt point P m+1 . This is the contradiction. From [9] , we observe the following inequalities Proposition 3.3. Let X d 1 ,...,dc ⊂ P(a 0 , ..., a n ) be normalized quasismooth with amplitude α and dimension m. Then
This provides an upper bound for δ in terms of volume K m X (resp. anti-canonical volume −K m X ) if X is of general type (resp. X is Fano). Indeed,
where
Combining this with Proposition 3.1, one observes (if α > 0 or α = −1, we put ǫ = 1)
In conclusion, for fixed dimension and amplitude α we obtain a bound for d c in terms of a lower bound for volume as in Theorem 1.3.
Remark 3.4. In [9] , we use singular Riemann-Roch formula, so called basket technique and the optimal lower bound for volume K and Miyaoka-Yau inequality −K X .c 2 (X) > 0 in Fano case) to prove several lists for terminal threefold weighted complete intersections provided by Fletcher [12] are complete. In these cases, Theorem 1.3 gives all the finite possible choices by applying the lower bound for volume or anti-volume directly. However, the basket technique is more effective since it produced only a few extra examples (compared to Fletcher's lists) needed to be ruled out. Each of 48 infinite families contains a non-ǫ-klt singularity P 4 of type 1
by taking a weighted blow up at P 4 ∈ X with weight
).
This leads Conjecture 1.2. For more examples, readers can search graded ring database [5] provided by Gavin Brown.
Finiteness of Calabi-Yau weighted complete intersections
In [14] , Johnson and Kollár proved the finiteness of families of CalabiYau quasismooth hypersurfaces in weighted projective spaces with fixed dimension. In this section, we generalize this to higher codimension cases. Our argument basically follows from Johnson and Kollár with some modifications.
..,dc ⊂ P(a 0 , ..., a n ) is quasismooth of dimension m, amplitude α, then X ′ = X d 1 ,...,dc ⊂ P(1, a 0 , ..., a n ) is also quasismooth of dimension m + 1, amplitude α − 1. Note that the converse does not hold in general. As a corollary, Theorem 1.1 recovers Theorem 3.6 (see also [14, Corollary 4.3 
]).
Proof of Theorem 1.1.
Suppose Theorem 1.1 is not true for some dimension m. Since the codimension is bounded by m + 1 by Theorem 2.5, there exist infinite families of Calabi-Yau quasismooth weighted complete intersections of fixed dimension m and fixed codimension c, say X(t) = X d 1 (t),...,dc(t) ⊂ P(a 0 (t), ..., a n (t)). As the setting in [14] , by the homogenity we may assume n i=0 a i (t) = 1 = c j=1 d j (t) for each t. By passing to a subsequence, we may assume that (a 0 (t), ..., a n (t)) converges to (A 0 , ..., A n ). We define the subset Z := {i = 0, ..., n|A i = 0}. From Proposition 3.1 and the condition n i=0 A i = 1, we obtain the order |Z| ≤ m := dim X. For each i, t, write a i (t) = A i + b i (t). The condition We define I := {i = 0, 1, ..., n|b i (t) < 0 for infinite t}. After passing to a subsequence and renumbering indices of 0, ..., n, we may assume that I = {0, ..., γ} is a nonempty subset of {0, ..., n} with the following properties:
(1) b i (t) < 0 for all t if and only if i ∈ I.
for all t. (3) for all i ∈ I, b i (t) is strictly increasing as a function of t. We define µ(I) to be the first nonnegative number µ so that P D ∩ X(t) = ∅ with D := {0, ..., µ−1, µ} ⊆ I for infinite t but P E ∩X(t) = ∅ for all subsets E of {0, ..., µ − 1} for all sufficient large t. In this case, we may assume P D ∩ X(t) = ∅ for all t by passing to a subsequence. If P I ∩ X(t) = ∅ for all large t, then we put µ(I) = γ + 1 = |I|. However, this does not occur due to Lemma 4.5 below.
Remark 4.2. One sees µ < c from the definition of I. Indeed, suppose µ ≥ c, then for all sufficient large t and for j = 1, ..., c, f j (t) has a monomial Π i∈{0,...,c−1}
. By counting degrees, this gives
Since A i > 0 for all i ∈ I and each k j,i (t) is a nonnegative integer, k j,i (t) is bounded from above for all large t . After passing to a subsequence, we may assume that k j,i (t) = k j,i is independent of t for each i, j. In particular,
For every non-empty subset E of {0, 1, ..., n} and for all polynomial f (x 0 , ..., x n ), denote by f E to be the polynomial f (x 0 , ..., x n )| x i =0 ∀i / ∈E . We need some positivities. Proof. For each j = 1, ..., c and subset E of {0, 1, ..., n}, we define a subset R E j := { i | f E j has a monomial involving the variable x i }. We need to show that up to renumbering the indices of 1, ..., c, j − 1 ∈ R {0,...,µ−1} j for all j = 1, ..., c. We prove by induction on µ. It is obvious for µ = 1. We assume that the statement holds for µ − 1. By rearranging the indices of 1, ..., c, we may assume that j − 1 ∈ R {0,...,µ−2} j for all j = 1, ..., µ − 1. For all λ = µ, ..., c, we may assume that µ − 1 ∈ R {0,....,µ−1} λ . Otherwise, by replacing λ by µ, the statement is true.
So there is an integer σ(1) < µ such that R 
for all j = 1, ..., ω + 1.
Proof. We prove this by induction on ω. This is clear when ω = 0. Suppose the statement is true for ω − 1. If i = σ(ω + 1) − 1, by induction hypothesis we have a bijection v i from {j = 1, ..., ω} to
for all j = 1, ..., ω. We obtain the result by setting
contains an element, say τ . Note that τ = σ(ω + 1) − 1. By induction there exists a bijection v τ from {j = 1, ..., ω} to {σ ( is assumed to contain the element j − 1 for all j ∈ {ω + 2, ..., µ − 1} − {σ (1), ..., σ(ω + 1)}, by replacing λ by µ and then renumbering the indices of σ (1), ..., σ(ω + 1), µ, we obtain the lemma.
Suppose µ > 0. Since P {0,...,µ−1} ∩ X(t) = ∅ for all large t, condition (1) of Proposition 2.3 holds. By passing to a subsequence and renumbering indices of 1, ..., c, we may assume that all polynomials f {0,...,µ−1} 1 (t), ..., f {0,...,µ−1} µ (t) are not identically zero. As the discussion in Remark 4.2 and by choosing a subsequence, there exist nonnegative integers k j,i independent of t such that for all t,
Furthermore, we may assume k j,j−1 ≥ 1 for all j = 1, ..., µ from following induction process in the proof of Lemma 4.3. We shall show P I ∩ X(t) = ∅ for infinitely many t by the following: Lemma 4.5. µ < γ + 1 = |I|.
Proof. Suppose on the contrary that µ = γ + 1. For infinite t, we may assume that for j = 1, ..., γ + 1,
where the nonnegative integers k j,i are independent of t and k j,j−1 ≥ 1. Since b i (t) is strictly increasing for all i ∈ I as a function of t, by taking a subsequence and counting degrees, we may assume that each d 1 (t), ..., d γ+1 (t) is strictly increasing. On the other hand, we define F := {0, ..., n}−(I ∪Z). From the condition n i=0 A i = 1 and the upper bound |Z| ≤ m = dim X, F is not empty from Remark 4.2. Since each d 1 (t), ..., d γ+1 (t) is strictly increasing, the polynomials f
are all identically zero for all large t, i.e,
From the quasismoothness on P F ∩ X(t), condition (2) of Proposition 2.3 holds for all large t. In particular, for j = 1, ..., γ + 1, f j (t) has monomial x e j Π i∈F x q j,i i for infinite t where the nonnegative integers q j,i , e j are independent of t and e 1 , ..., e γ+1 are mutually distinct. By counting degrees, this shows that for j = 1, ..., γ + 1, d j (t) = a e j + i∈F q j,i a i (t) for some e j ∈ I ∪ Z.
If e j / ∈ I for some j = 1, ..., γ + 1, we see that d j (t) is not strictly increasing as a function of t. In this case, we get the desired contradiction. The remaining case is that e j ∈ I for all j = 1, ..., γ + 1. From the same reason, the function
is not increasing. On the other hand, γ+1 j=1 (d j (t) − a j−1 (t)) is also strictly increasing by the assumption that X(t) is not an intersection of a linear cone and another subvariety and the positivity k j,j−1 ≥ 1 for all j = 1, ..., γ + 1. We derive a contradiction and prove the lemma.
From the definition of µ and Lemma 4.5, the quasismoothness on P D ∩ X(t) implies condition (2) of Proposition 2.3 where D is the stratum {0, ..., µ−1, µ}. In particular, by passing to a subsequence and rearranging indices of µ + 1, ..., c, there exist integers s with µ ≤ s < c and k j,i , e j independent of t such that f j (t) = Π i∈D x k j,i i + others for µ < j ≤ s, f j (t) = x e j Π i∈D x k j,i i + others, with e j ≥ µ + 1 for s < j ≤ c.
Here the integers e s+1 , ..., e c are mutually distinct and also s = 0 if and only if µ = 0 from the definition. Note that such an integer s with s < c exists because some of the degree functions d 1 (t), ..., d c (t) is not strictly increasing. In particular, by counting degrees of f 1 (t), ..., f c (t) we obtain
One has the inequality:
From ( † 1) and ( † 3), we have Hence all inequalities in ( † 2), ( † 3), ( † 4) are actually equalities. For all k / ∈ I ∪ {e s+1 , ..., e c }, from ( † 4) and ( † 2), we have A k = 0 and b k (t) = 0 for infinite t respectively. This gives a contradiction to a k (t) = A k + b k (t) = 0 for infinite t. So I ∪ {e s+1 , ..., e c } = {0, ..., n}. From ( † 3), we get the equalities: for infinite t,
A k , k ∈ I − {e s+1 , ..., e c }.
Hence we obtain a subsequence (a 0 (t), ..., a n (t)) = (A 0 (1 − b(t)), ..., A m+s (1 − b(t)), a m+s+1 (t), ..., a n (t)), where b(t) := −bµ(t) Aµ > 0. By rearranging the indices of m + s + 1, ..., n, we may assume e j = m + j for all j = s + 1, ..., c. Again, after passing to a subsequence and rearranging indices of m + s + 1, ..., c, we define p ≥ s to be the integer satisfying for all t, a i (t) = A i (1 − b(t)) for all i ≤ m + p, a i (t) = A i (1 − b(t)) for all i > m + p.
From the choice of p, we observe {0, ..., m + p} ⊆ I. In particular, we obtain p < c since by definition n i=0 b i (t) = 0. Claim 4.6. For all j > p and sufficient large t, every monomial of f j (t) involves at least one of the variables x m+p+1 , ..., x n .
Proof. Since {0, ..., m+p} is a subset of I, A i > 0 for all i = 0, ..., m+p. Suppose there is a monomial Π i∈{0,...,m+p} x q j,i i of f j (t) for infinite t for some fixed j > p. From the construction of e j , f j (t) = x e j Π i∈D x k j,i i + others. By counting degrees, we see that a m+j (t) = a e j (t) = d j (t) − On the general points in the affine cone of X(t) ∩ P Ep , the Jacobian matrice are of the form * * O G(t)
.
Then for sufficient large t, the non-quasismooth locus of X(t) contains P Ep ∩ X(t) ∩ (det G(t) = 0) = P Ep ∩ (f 1 (t) = · · · = f p (t) = 0) ∩ (det G(t) = 0) which has dimension ≥ m + p − p − 1 ≥ 0. We get the contradiction and therefore prove Theorem 1.1.
